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THEORETICAL STUDY OF CORRUGATED PLATES: 
SHEAR STIFFNESS OF A TRAE'EZOIDALLY CORRUGATED PLATE WITH 

DISCRETE ATTACHMENTS TO A RIGID FLANGE AT THE ENDS 
OF THE CORRUGATIONS 

Chen-liau Hsiao* and Charles Libove** 
Syracuse University 

SUMMARY 

Analysis and numerical results are presented for the elastic 

shear stiffness of a corrugated shear web with a certain type of discrete 

attachments at the ends of the trough lines of the corrugations, namely 

point attachments to a rigid flange which interferes with the deforma- 

tions of the end cross sections by preventing downward movement but 

permitting upward (lifting off) movement. 

The analysis is based on certain assumed modes of deformation 

of the cross sections in conjunction with the method of minimum total 

potential energy and the calculus of variations in order to obtain 

equations for the manner in which the assumed modes of deformation vary 

I 

along the length of the corrugation. 

The numerical results are restricted to the case of equal-width crests 

and troughs but otherwise apply to a wide variety of geometries. They are 

in the form of graphs which give the overall shear stiffness as a fraction 

of the overall shear stiffness that could be obtained by having continuous . 

attachment at the ends of the corrugations. 

*Graduate Assistant 
**Professor of Mechanical and Aerospace Engineering 



INTRODUCTION 

Corrugated p l a t e s  have been proposed f o r  use as shea r  webs i n  

high-speed a i r c r a f t ,  because t h e i r  accordion-l ike a b i l i t y  t o  expand and 

cont rac t  can circumvent t h e  high thermal stresses t h a t  might otherwise 

1 occur due t o  l a r g e  temperature d i f f e r e n c e s  between t h e  inne r  and o u t e r  

s t r u c t u r e  of t he  a i r c r a f t .  I n  such a p p l i c a t i o n s  d i s c r e t e ,  r a t h e r  than 

continuous, a t tachments  may e x i s t  between t h e  ends of t h e  co r ruga t ions  

and the  neighboring s t r u c t u r e  (e.g., t h e  spa r  caps) .  It thus  becomes 

important t o  be  a b l e  t o  p r e d i c t  t he  stresses, deformations,  and o v e r a l l  

shear s t i f f n e s s  of a corrugated shear  web wi th  v a r i o u s  kinds of d i s c r e t e  

attachments at  t h e  ends of t h e  co r ruga t ions .  The p resen t  paper con- 

t inues  t h e  work of a n  earlier paper ( r e f .  1 )  i n  dea l ing  wi th  t h i s  problem, 

taking up a type of d i s c r e t e  end attachment cond i t ion  no t  considered 

there in .  

The type of c r o s s  s e c t i o n  considered i n  r e f e r e n c e  1 and t h e  p r e s e n t  

paper i s  t h e  t r apezo ida l  c r o s s  s e c t i o n  shown i n  f i g u r e  1. The end a t t a c h -  

ments considered i n  r e f e r e n c e  1 are shown schemat i ca l ly  i n  f i g u r e  2. 

are: (a )  po in t  a t tachments  a t  t h e  ends of t h e  trough l i n e s ,  (b) po in t  

They 

attachments a t  t h e  ends of t h e  c r e s t  l i n e s  and t h e  trough l i n e s ,  and (c) 

wide attachments clamping t h e  e n t i r e  widths  of t h e  trough ends t o  a r i g i d  

L flange. The po in t  attachments r e f e r r e d  t o  above are i d e a l i z a t i o n s  intended 

~ t o  represent  t h e  r e s t r a i n t  fu rn i shed  by small at tachments ,  such as spot  

w e l d s  o r  c l i p s .  

ment, bu t  t o  o f f e r  no r e s i s t a n c e  t o  r o t a t i o n .  

They are assumed t o  provide r e s t r a i n t  a g a i n s t  d i sp l ace -  

The p resen t  paper considers  an end attachment in t e rmed ia t e  t o  those 

of f igu res  2 ( a )  and 2 ( c ) ,  i n  regard t o  t h e  s e v e r i t y  of t h e  i n t e r f e r e n c e  
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i t  provides  t o  t h e  deformation of the  end c r o s s  s e c t i o n s  i n  t h e i r  own 

planes.  

ends of the trough l i n e s ,  a s  shown schematically i n  f i g u r e  3.  

r i g i d  f l a n g e  prevents  downward, b u t  n o t  upward, d e f l e c t i o n  of t h e  

ends of t h e  cor ruga t ions .  The poin t  attachments i n  t h e  p r e s e n t  

a n a l y s i s  a r e  intended t o  r e p r e s e n t  attachments,  such as rivets o r  spot  

welds,  which a r e  s m a l l  i n  comparison with t h e  widths of t h e  t roughs 

i n  which they l ie .  Actual small attachments w i l l ,  of course,  have 

f i n i t e ,  r a t h e r  than zero ,  width and w i l l  provide some l o c a l i z e d  res- 

t r a i n t  a g a i n s t  r o t a t i o n .  Both of t h e s e  f a c t o r s  are neglected i n  t h e  

present  a n a l y s i s .  

It c o n s i s t s  of po in t  attachments t o  a r i g i d  f l a n g e  at t h e  

The 

Linear  e l a s t i c i t y ,  i s o t r o p y  of the material, and small deforma- 

t i o n s  a r e  assumed throughout. The width of t h e  p l a t e  ( i . e . ,  t h e  

dimension perpendicular  t o  t h e  d i r e c t i o n  of t h e  cor ruga t ions  is assumed 

t o  b e  i n f i n i t e ,  so t h a t  a l l  t h e  corrugat ions deform i n  a n  i d e n t i c a l  

manner, and the a n a l y s i s  may then be based on a s i n g l e  cor ruga t ion .  

Thus t h e  present  a n a l y s i s  w i l l  be  appl icable  t o  f in i te -wid th  p l a t e s  i f  

t h e  wid th  is s u f f i c i e n t l y  g r e a t  f o r  the a t t a c h e n t s  along t h e  s i d e s  t o  

have a n e g l i g i b l e  effect on t h e  deformations of most of t h e  cor ruga t ions .  

A t  t h e  present  time, i t  is d i f f i c u l t  t o  state a c r i t e r i o n  f o r  judging 

when t h i s  condi t ion  i s  s a t i s f i e d .  

Acknowledgement. - The work reported h e r e i n  w a s  done under g r a n t  

NGR 33-022-115 from t h e  Nat ional  Aeronautics and Space Adminis t ra t ion.  
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SYMBOLS 

b one-half t h e  l eng th  of t h e  co r ruga t ions  ( see  f i g .  4 )  

e one-half t h e  width of a trough ( see  f i g .  1) 

f width of a crest  ( see  f i g .  1 )  

F shea r  f o r c e  on c r o s s  s e c t i o n s  p a r a l l e l  t o  t h e  co r ruga t ion  
d i r e c t i o n  ( see  f i g .  4 )  

F' same as  F, bu t  f o r  t he  case  of continuous attachment a t  
t h e  ends of t h e  co r ruga t ions  

G shear  modulus 

Geff 

h height  of co r ruga t ion  ( see  f i g .  1) 

k width of  i n c l i n e d  p l a t e  elements ( see  f i g .  1 )  

K shea r  s t i f f n e s s ,  F/2uo 

K' shear  s t i f f n e s s  f o r  t h e  case of continuous attachment a t  

e f f e c t i v e  shea r  modulus of corrugated p l a t e  

t h e  ends of t h e  co r ruga t ion ,  F'/2uo 

L l eng th  of co r ruga t ions ,  2b 

m,n numerical  exponents 

p p i t c h  of t h e  co r ruga t ion  ( s e e  f i g .  1) 

p'  developed width of one co r ruga t ion ,  2e + f + 2k 

t s h e e t  t h i ckness  ( see  f i g .  1 )  

u one-half t h e  r e l a t i v e  l o n g i t u d i n a l  displacement of two ad jacen t  
0 trough l i n e s  ( see  f i g .  4 )  

2 coord ina te  (see f i g .  4 )  

y 

6 angle  of  s lop ing  p l a t e  elements w i th  r e s p e c t  t o  h o r i z o n t a l  ( s e e  f i g .  1) 

o v e r a l l  shear  s t r a i n ,  2uo/p ( see  f i g .  4 )  

R dimensionless s t i f f n e s s  parameter ,  K/K' 
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METHOD OF ANALYSIS 

Statement of problem. - Figures  4(a) and 4(b)  show an  end 

view and a t o p  view, r e s p e c t i v e l y ,  of the unsheared corrugated p l a t e ,  

and 4(c) shows a t o p  view of the  sheared p l a t e .  

accomplished by r o t a t i n g  t h e  f l a n g e s  through t h e  small angle  y so as t o  

produce a r e l a t i v e  l o n g i t u d i n a l  s l i d i n g  of t h e  imaginary l i n e s  such 

as mn and pq connecting t h e  frontward (z=b) and rearward (z=-b) 

attachment p o i n t s .  

r e s p e c t  t o  i ts  rightward neighbor w i l l  be denoted by 2u . 
relative s l i d i n g  and t h e  apparent  o r  o v e r a l l  s h e a r  s t r a i n  

The shear ing  i s  

The relative advance of any one such l i n e  wi th  

This  

y are 

0 

r e l a t e d  by 

2u0 

‘r = P 

i t  should be noted t h a t  t h e  material l i n e s  such as mn and pq of 

f i g u r e  4(b)  do not  remain s t r a i g h t  during t h e  shear ing  of t h e  p l a t e .  

They, a long wi th  t h e  o ther  g e n e r a t o r s ,  can b e  expected t o  curve,  as 

shown i n  f i g u r e  4(c) .  

A complete d e s c r i p t i o n  of t h e  problem r e q u i r e s  a s ta tement  as t o  

whether or not t h e  flanges are permit ted t o  m o v e  relative t o  each o t h e r  

i n  the  z -d i rec t ion  during the  shear ing of t h e  p l a t e  -- i .e.,  whether 

o r  no t  t h e  d i s t a n c e  between p o i n t s  such as m and n is allowed t o  

change when the  p l a t e  is sheared. There a r e  two l i m i t i n g  assumptions 

t h a t  can be made i n  t h i s  regard:  

any r e l a t i v e  z-wise movement, i n  which case e x t e r n a l  f o r c e s  may b e  

Ei ther  t h e  f l a n g e s  are not  permit ted 

requi red  t o  prevent  such movement, which f o r c e s  would put  t h e  cor ruga t ion  

c r o s s  s e c t i o n s  (perpendicular  t o  t h e  z-axis) i n t o  t e n s i o n  o r  compression; 
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o r  the f l a n g e s  are permit ted f r e e l y  t o  s e p a r a t e  o r  come toge ther ,  i n  

which c a s e  t h e r e  is no r e s u l t a n t  t e n s i o n  o r  compression on t h e  c r o s s  

sec t ion  of any corrugat ion.  

i n  the  present  paper ,  because i t  is  f e l t  t o  be more r e p r e s e n t a t i v e  

of the state of a f f a i r s  i n  a n  a i r c r a f t  wing, i n  which t h e  f l a n g e s  are 

e s s e n t i a l l y  t h e  top and bottom spar  caps,  whose r e l a t i v e  movement 

toward o r  away from each o t h e r  is only f e e b l y  prevented by t h e  r i b s  

and t h e i r  own bending s t i f f n e s s e s .  

The l a t t e r  condi t ion  w i l l  be assumed 

A l l  l o n g i t u d i n a l  c r o s s  s e c t i o n s  w i l l  c a r r y  t h e  same shear  f o r c e  

F ,  shown i n  f i g u r e  4 ( c ) ,  which can b e  expected t o  be propor t iona l  t o  

u . Thus 
0 

F = Ku (2) 
0 

and t h e  p r o p o r t i o n a l i t y  cons tan t  

shear s t i f f n e s s  of t h e  corrugated p l a t e .  The o b j e c t i v e  of t h e  p r e s e n t  

ana lys i s  is t o  determine K o r  any equiva len t  s t i f f n e s s  measure. The 

following s e c t i o n s  expla in  how t h i s  o b j e c t i v e  i s  accomplished. 

K is  a measure of t h e  o v e r a l l  

I d e a l i z a t i o n  of t h e  r i g i d  f l a n g e s .  - Figure 5(a)  shows, by 

means of the  dot ted  l i n e s ,  t h e  deformation of the  end c r o s s  s e c t i o n  

(z=b) of a corrugated p l a t e  sheared as i n  f i g u r e  4 ( c ) ,  wi th  poin t  a t t a c h -  

m e n t s  at t h e  ends of t h e  trough l i n e s ,  b u t  without  t h e  r i g i d  f langes .  

This problem was solved i n  r e f e r e n c e  1. 

labeled A d e f l e c t  downward, whi le  t h e  o t h e r  corners  of the t roughs de- 

f l e c t  upward. ( A t  t h e  oppos i te  end (z=-b) t h e  corner  d e f l e c t i o n s  are 

the r e v e r s e  of those  a t  z=b; t h i s  may b e  seen by r e f e r r i n g  t o  f i g .  6 (a) .  ) 

The e f f e c t  of the  r i g i d  f l a n g e  is  t o  prevent  any downward d e f l e c t i o n .  

Thus t h e  c ross -sec t iona l  deformation a t  z=b f o r  t h e  c a s e  of i n t e r e s t  h e r e  

It i s  seen t h a t  t h e  corners  

6 



may look as shown i n  f i g u r e  5(b) .  For the sake  of s impl i fy ing  t h e  

a n a l y s i s ,  t h e  c o n s t r a i n t  furnished by the r i g i d  f lange  w i l l  be re- 

placed by t h e  n e a r l y  equiva len t  cons t ra in t  shown i n  f i g u r e  5 ( c ) .  

That i s ,  the  c o n s t r a i n t  a g a i n s t  downward d e f l e c t i o n  is  assumed t o  be 

l o c a l i z e d  a t  c e r t a i n  corners  ( those which would d e f l e c t  downward 

i f  t h e  f l a n g e  were not  t h e r e ) ,  r a t h e r  than d i s t r i b u t e d  a c r o s s  t h e  

en t i re  width of each trough. This represents  a s l i g h t  r e l a x a t i o n  

of t h e  a c t u a l  c o n s t r a i n t ,  l ead ing  perhaps t o  a s l i g h t  under-estimate 

of t h e  o v e r a l l  shear  s t i f f n e s s .  

Solu t ion  by means of superpos i t ion ,  - Summarizing t h e  above d i s -  

cuss ion ,  t h e  problem as i t  now s tands  i s  t o  analyze a corrugated p l a t e  

sheared as shown i n  f i g u r e  4(c) ,  having point  attachments a t  t h e  ends 

of t h e  t rough l ines ,  l o c a l i z e d  c o n s t r a i n t s  a g a i n s t  downward d e f l e c t i o n  

a t  t h e  corners  labe led  A i n  end c r o s s  sec t ion  z=b, and similar l o c a l i z e d  

c o n s t r a i n t s  a g a i n s t  downward d e f l e c t i o n  a t  t h e  ad jacent  corners  i n  t h e  

c r o s s  s e c t i o n  a t  t h e  o t h e r  end, z=-b. 

The s o l u t i o n  of t h i s  problem can be obtained by superimposing t h e  

s o l u t i o n s  of two o t h e r  problems, which are  shown i n  f i g u r e s  6 ( a )  and ( b ) .  

I n  t h e  f i r s t  of these  problems ( f i g .  6 (a) )  t h e  l o c a l i z e d  c o n s t r a i n t s  are re- 

moved and t h e  p l a t e  is sheared as i n  f igure  4 ( c ) .  

solved i n  r e f e r e n c e  1. 

d e f l e c t  downward an amount propor t iona l  t o  u0 ,  t h e s e  d e f l e c t i o n s  are there-  

f o r e  l a b e l e d  a l u o  i n  f i g u r e  6 ( a ) .  The shear  f o r c e  F1 requi red  t o  

shear  the p l a t e  w i l l  a l s o  be proport ional  t o  Uo ,  and i t  is  t h e r e f o r e  

denoted by Klu, i n  f i g u r e  6 ( a ) .  Both the inf luence  c o e f f i c i e n t  a1 and 

t h e  s t i f f n e s s  K1 

problem i n  r e f e r e n c e  1. 

This  i s  t h e  problem 

During t h e  shear ing,  t h e  corners  l a b e l e d  A w i l l  

are, i n  p r i n c i p l e ,  obtainable  from t h e  s o l u t i o n  of t h i s  

I n  t h e  second problem ( f i g .  6 ( b ) ) ,  which has  not  prev ious ly  been 
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solved, t h e  p l a t e  is loaded wi th  concentrated upward f o r c e s  of 

magnitude 2P a t  t h e  co rne r s  l a b e l e d  A ,  whi le  l i n e s  such as mn 

and pq are prevented from s h i f t i n g  l o n g i t u d i n a l l y  w i t h  r e s p e c t  

t o  each o the r  ( i . e . ,  any o v e r a l l  shear  s t r a i n  is  suppressed) bu t  

not prevented from lengthening o r  shortening.* 

there w i l l  be upward d e f l e c t i o n s  of magnitude C2P a t  t h e  loaded 

corners and shear ing f o r c e s  of magnitude 

cross s e c t i o n s ,  t h e  la t ter  r ep resen t ing  whatever shear  f o r c e  may be  

necessary t o  prevent o v e r a l l  shear  deformation under t h i s  loading.  The 

determination of t h e  compliance C 2  and in f luence  c o e f f i c i e n t  a2 re- 

qui res  a n  a n a l y s i s  of t h e  problem rep resen ted  by f i g u r e  6(b) .  

Under t h i s  loading 

F2 = a2P on a l l  l o n g i t u d i n a l  

By superimposing f i g u r e s  6 (a )  and 6 ( b ) ,  one o b t a i n s  t h e  o r i g i n a l  

problem of a p l a t e  w i th  a n  imposed overall .  shear s t r a i n  of 2uo pe r  corru-  

gat ion and concentrated r e a c t i o n s  of magnitude 

of t h e  r i g i d  f l a n g e s ,  i d e a l i z e d  as  i n  f i g u r e  5 (c ) .  

i s  def ined by t h e  requirement of ze ro  v e r t i c a l  d e f l e c t i o n  a t  t h e  co rne r s  

labeled A;  t h a t  is 

2P due t o  t h e  presence 

The magnitude of P 

alu, - C2P = 0, whence 

The shear f o r c e  F is  obtained by adding t h e  shear  f o r c e s  

F1 and F2 of t h e  two s u b s t i t u t e  problems ( f i g s .  6 (a )  and (b) 1. Thus 

a2a i  
c2 

(K1 + -) u0 

*See second paragraph under "Statement of problem." 
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Comparing equat ions (4) and (2) ,  it  i s  evident t h a t  t h e  s t i f f n e s s  K 

which i s  being sought is given by t h e  formula 

a2a1 
K = K 1 + -  

c2 

where K 1 ,  ax, a2, C2 are q u a n t i t i e s  obtained by so lv ing  t h e  two 

s u b s i d i a r y  problems shown i n  f i g u r e  6.  

(5) 

I n  order  t o  f a c i l i t a t e  t h e  s o l u t i o n  of t h e  problem shown 

i n  f i g u r e  6(b) ,  t h e  loading i n  that problem w i l l  f i r s t  b e  decomposed 

i n t o  t h e  two components shown i n  f i g u r e s  7(a)  and 7(b).  Each of t h e s e  

component loadings  possesses  a symmetry o r  antisymmetry which w i l l  

produce a corresponding symmetry o r  antieynrmetqi of t h e  deformations.  

The s u p e r p o s i t i o n  of the two loadings  gives  t h e  loading  of f i g u r e  6(b). 

Thus t h e  s o l u t i o n  of t h e  problem of f i g u r e  6(b) can b e  replaced by t h e  

s o l u t i o n  of t h e  two s impler  problems of f i g u r e  7. These w i l l  now b e  

discussed i n  more d e t a i l .  

Under t h e  completely symmetrical loading of f i g u r e  7(a)  

t h e r e  w i l l  be  no tendency f o r  an o v e r a l l  shear  deformation t o  develop, 

and t h e r e f o r e  t h e r e  w i l l  be no r e s u l t a n t  s h e a r  f o r c e  requi red  on any 

l o n g i t u d i n a l  section t o  suppress  t h i s  deformation. 

A w i l l  d e f l e c t  upward an amount propor t iona l  t o  P. 

t h e r e f o r e  b e  denoted C 3 P .  

The corners  l a b e l e d  

Their d e f l e c t i o n  can 

Under t h e  ant isymmetr ical  loading of f i g u r e  7(b) a shear  f o r c e  

w i l l  b e  requi red  on l o n g i t u d i n a l  sec t ions  i n  order  t o  prevent  t h e  o v e r a l l  

shear  deformation which would otherwise occur. Since t h e r e  is no re- 

s u l t a n t  l o n g i t u d i n a l  shear  f o r c e  due t o  t h e  symmetrical loading component 

( f i g .  7 (a)  ), t h e  shear  f o r c e  due t o  the ant isymmetr ical  component must 

b e  t h e  same as t h a t  shown i n  f i g u r e  6(b) .  It is  t h e r e f o r e  labe led  F2 = a2P 
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i n  f i g u r e  7(b) .  This  loading component w i l l  a l s o  produce an upward 

d e f l e c t i o n  of the co rne r s  l abe led  A ,  of a n  amount p ropor t iona l  t o  p 

and t h e r e f o r e  denoted C 4 P  i n  f i g u r e  7(b) .  

The sum of the  d e f l e c t i o n s  C 3 P  and C 4 P  of f i g u r e  7 must equal  

t h e  d e f l e c t i o n  C2P of f i g u r e  6 ( b ) .  Therefore  

c 2  = c3 + c4 

and equat ion (7) becomes 

Thus the  determinat ion of t h e  shear  s t i f f n e s s  K f o r  t h e  o r i g i c a l  

problem ( f i g .  4) depends upon the  s o l u t i o n  of t h r e e  subs id i a ry  problems 

represented by f i g u r e s  6 ( a ) ,  7 ( a ) ,  and 7 (b ) .  These w i l l  be c a l l e d  prob- 

lems I, 11, and 111, r e s p e c t i v e l y .  From t h e i r  s o l u t i o n s  c e r t a i n  s t i f f n e s s ,  

compliance, and in f luence  c o e f f i c i e n t s  are t o  be a b s t r a c t e d  f o r  u se  i n  

t h e  right-hand s i d e  of equat ion ( 7 ) :  

problem 11, C 3 ;  and problem 111, a2 and C 4 .  

Problem I w i l l  y i e l d  a1 and K 1 ;  

So lu t ion  of problems I, 11, and 111. - The s o l u t i o n s  of problems 

I, I1 and I11 are  descr ibed i n  some d e t a i l  i n  appendixes I, I1 and 111, 

respec t ive ly .  Here l e t  i t  s u f f i c e  t o  say t h a t  each s o l u t i o n  i s  an approx- 

imate one based on t h e  method of minimum p o t e n t i a l  energy. 

corrugat ion needs t o  be considered,  and f o r  each c r o s s  section c e r t a i n  

degrees of freedom are allowed f o r  t h e  deformation of t h e  c ross  s e c t i o n  i n  

i t s  own plane and normal t o  i t s  own plane.  Thus, t h e  deformation of t h e  

corrugat ion i s  descr ibed i n  terms of a f i n i t e  number of c ros s - sec t iona l .  

deformation parameters,  each being a f u n c t i o n  of t h e  c ros s - sec t ion  l o c a t i o n  - 
i .e. ,  a func t ion  of z .  The t o t a l  p o t e n t i a l  energy of t he  co r ruga t ion  is  

Only a s i n g l e  
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written as a functional of these deformations parameters. By means of 

the calculus of variations, linear differential equations and boundary 

conditions are obtained, defining as functions of z those cross-sectional. 

deformation parameters which minimize the total potential energy. These 

differential equations are solved by standard means, and from the solutions 

the constants required in equation ( 7 )  are evaluated. 

NUMERICAL RESULTS AND DISCUSSION 

Geometries considered. - By the method described above, numerical 
data on overall shear stiffness were obtained for a variety of geometries, 

all restricted, however, t o  the case of equal width crests and troughs 

(i.e., f=2e). With equal width crests and troughs, the cross-sectional 

shape is defined to within a scale factor by che ratios fjp, hip ,  and 

t/p. The following numerical values were taken €or these ratios: 

€/p = .l, . 2 ,  . 3 ,  .5 

hlp = .l, . 2 ,  . 3 ,  . 4 ,  .5 

tlP = .005, .015, ,025 

giving 4 ~ 5 x 3  5 60 different cross sections. 

t/p fixed, the remaining geometrical properties of the cross section 

are automatically determined. 

bination, the values of some of these other properties. 

numerical entry in each box is the angle 6 in degrees, the second the 

ratio k/p, and the third the ratio p'lp, where p' = 2e + f + 2k is the 
developed width of a corrugation. Also shown in each box of the table 

is a sketch of the cross section. 

With f/p (=2e/p), hlp, and 

Table 1 gives, for each f/p and h/p com- 

The first 
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Table 1. Geometrical properties of cross section considered in calculations 

.1 

e = 14.04' 
k/p = 0.41 
p'lp = 1.02 

e = 26.57' 
klp = 0.45 
p'lp = 1.09 

A 
e = 36.87' 

klp ' 0.50 
p'/p = 1.20 

A 
e = 45.00' 

klp = 0.57 
p'lp = 1.33 

A 
e = 51.34' 

k/p = 0;64 
p'/p 0 1.48 

.2 

n 
18..43' 
0.32 
1.03 

33.69' 
0.36 
1.12 

45 .OOo 
0.42 
1.25 

A 
53.13' 
0.50 
1.40 

59.04' 
0.58 
1.57 

12 

.3 

2 6 . 6 3  
0.22 
1.05 

45.00' 
0.28 
1.17 

56.31' 
0.36 
1.32 

J1 
63.43' 
0.45 
1.49 

JL 
68.20' 
0.54 
1.68 

- 5  

+ 
90 .  00' 

w 
0.10 
1.20 

90. ooo 
0.20 
1.40 

90 .  ooo 
0.30 
1.60 

90.00° 
0.40 
1.80 

t - r L  
90.00° 
0.50 
2.00 



For each cross-sectional geometry, values of the length parameter 

2b/p were selected, ranging from 0.4 to 2000. 

be sufficiently large to cover all cases of practical interest. 

This range is felt to 

Elastic properties assumed. - For the calculations an isotropic 
material was assumed, with Poisson's ratio 

.385 as the corresponding ratio of shear modulus G to Young's modulus E. 

Dimensionless stiffness parameter. - In presenting the results 

v taken as 0.3, giving 

it will be more efficient to employ a dimensionless stiffness parameter 

n, rather than the dimensional parameter K discussed earlier. The 

dimensionless stiffness parameter is defined as follows: 

!J = K/K' 

whkre IC' ie the value of K for an identical corrugated plate with 

continuous attachment at the ends of the corrugations of such a nature 

as to produce a uniform shear strain throughout the plate.* 

The stiffness K', which is an upper limit to the stiffness 

achievable with discrete attachments, can be readily computed as 

follows: In a uniform shear deformation in which line mn in figure 4 

advances an amount 

strain in the plate material m e t  be 
2u0 with respect to line pq, the uniform shear 

2u0/p', where 

p' - 2e + f + 2k 

is the developed width of one corrugation. 

quired to maintain this deformation is 

The shear force F' re- 

2% 
P' 

F' G .  t - 2b * 

where G is the shear modulus of the material. Therefore 

( 9 )  

*Such a condition of uniform shear strain could, in principle, be 
achieved by having the end cross sections welded to a thin diaphragm which 
is infinitely stiff with respect to deformations in its own plane but offers 
no resistance to deformations normal to its own plane (warping deformations 
of the cross section). 
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It is a simple matter t o  convert  t h e  dimensionless n i n t o  

t h e  dimensfonal K (v ia  t h e  r e l a t i o n s h i p  K = QK') or  i n t o  any o t h e r  

s t i f f n e s s  parameter which may be  p re fe r r ed .  One such o t h e r  s t i f f n e s s  

parameter might be the  r a t i o  of t h e  shear  stress 

a l l  shear s t r a i n  y shown i n  f i g u r e  4. This r a t i o ,  which is e s s e n t i a l l y  

a n  e f f e c t i v e  shear  modulus, is g iven  by 

Ff2bt  t o  t h e  over- 

Ff2bt  Kuof2bt 

Y %- 

Gef f  = - 
LU 

eke (RK') * p 
4bt  4bt 

Typical results.  - Figure  8 shows the  t y p i c a l  v a r i a t i o n  of R 

w i t h  r e spec t  t o  b f p ,  t h e  r a t i o  of semi-length t o  p i t c h ,  f o r  a p a r t i c u l a r  

shape of c ros s  s e c t i o n  ( f f p  = 2e/p = 0.3, hfp = 0.3) and t h r e e  d i f f e r e n t  

values of t he  shee t  th ickness- to-p i tch  r a t i o ,  t / p .  

It w i l l  be noted t h a t  a s  t h e  length- to-p i tch  r a t i o  i n c r e a s e s  R 

approaches u n i t y ;  t h a t  i s ,  t h e  s t i f f n e s s  approaches t h e  va lue  a s soc ia t ed  

w i t h  continuous attachment of such a na tu re  as t o  produce a uniform 

shear s t r a i n  throughout t h e  s h e e t .  

c r e t e l y  a t tached  and t h e  cont inuous ly  a t t ached  p l a t e s  d i f f e r  from each 

This  i s  t o  be expected s i n c e  t h e  d i s -  

other only by a S t .  Venant e f f e c t ,  t h a t  i s  an  e f f e c t  which i s  l o c a l i z e d  

near t h e  ends of t he  co r ruga t ions .  

The approach of R t o  u n i t y  a s  b /p  i n c r e a s e s  i s  seen  t o  be  much 

more r ap id  f o r  t he  t h i c k e r  s h e e t s  t han  f o r  t h e  t h i n n e r  s h e e t s .  For 
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example, a t  b /p  = 10 (length-to-pitch r a t i o  of 20), t h e  v a l u e s  of R f o r  

t / p  = .025 and t / p  = .005 are .74 and .15, r e s p e c t i v e l y .  It i s  apparent  

a l s o  t h a t  t h e  ‘‘end ef f e c t s ”  undoubtedly can propagate  an  apprec iab le  d i s -  

t ance  inward, e s p e c i a l l y  f o r  t h e  th inner  sheets .  For example, €or  t l p  = .005 

and a length- to-pi tch r a t i o  a s  l a r g e  as 200 (b/p= l o o ) ,  t h e  va lue  of 

s t i l l  only .64, t h a t  i s  t h e  absolu te  shear s t i f f n e s s  i n  the  case of d i s -  

c r e t e  attachment is  only 64 percent  of that  ach ievable  wi th  continuous a t t a c h -  

ment. 

R i s  

The curves i n  f i g u r e  8 f o r  the  three  d i f e r e n t  va lues  of t f p  can b e  

seen t o  have v i r t u a l l y  t h e  same shape and they can t h e r e f o r e  b e  made t o  

n e a r l y  co inc ide  i f  each one is s h i f t e d  h o r i z o n t a l l y  a d i f f e r e n t  amount. 

sugges ts  t h a t  t f p  can b e  very n e a r l y  e l iminated as a parameter by changing 

t h e  a b s c i s s a  from b j p  t o  (b /p) .$ i t /p )  where 

The e f f e c t  of such a change, when a logari thmic scale is used f o r  t h e  a b s c i s s a ,  

is t o  s h i f t  each curve h o r i z o n t a l l y  a s  a r i g i d  body a d i s t a n c e  log  $ ( t / p ) ,  

and i f  t h e  f u n c t i o n  9 is properly chosen, t h e s e  s h i f t s  w i l l  b e  such as t o  

b r i n g  t h e  curves f o r  d i f f e r e n t  t / p  p r a c t i c a l l y  i n t o  coincidence. 

This  

+( t / ‘p)  is some func t ion  of t / p .  

For t h e  p a r t i c u l a r  c r o s s  s e c t i o n  considered i n  f i g u r e  8 ,  an a p p r o p r i a t e  

f u n c t i o n  

(b/p) (t/p)1g71. 

d a t a  of f i g u r e  8 us ing  the  new absc issa .  

s l i g h t  s e p a r a t i o n  a t  t h e  lower end, t h e  curves f a r  a l l  t f p  coincide.  

o t h e r  words, f o r  t h e  given cross-sect ional  shape, t h e  dimensionless s t i f f n e s s  

fi i s  e s s e n t i a l l y  a func t ion  of (bfp)  (t/p)’*”, r a t h e r  than a f u n c t i o n  of 

b f p  and t / p  s e p a r a t e l y .  

s i m p l i f i e s ,  o r  even e l imina tes  t h e  need f o r ,  i n t e r p o l a t i o n  and poss ib ly  ex t ra -  

i$ is found t o  b e  (t/p)’071, and t h e  proper a b s c i s s a  i s  then  

Figure  9 shows t h e  results obtained by r e p l o t t i n g  t h e  

It is  seen  t h a t ,  except f o r  a 

I n  

The advantage of such r e p l o t t i n g  is  t h a t  i t  g r e a t l y  
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polat ion wi th  r e spec t  t o  t i p .  Furthermore, i t  reduces g r e a t l y  t h e  

number of graphs required i n  p re sen t ing  the  r e s u l t s .  

General r e s u l t s .  - I n  f i g u r e  10 are p l o t t e d  t h e  r e s u l t s  obtained 

f o r  a l l  combinations of t h e  c ros s - sec t iona l  shape parameters f / p  and 

h/p. 

i .e.  by means of semi-logarithmic p l o t s  of 

exponent 

cofncide as n e a r l y  as  poss ib l e .  As implied i n  f i g u r e  10 ,  t h e  exponent 

n depends upon f /p ,  bu t  t u r n s  o u t  t o  b e  independent of h/p.  

Comparing the  curves f o r  d i f f e r e n t  h/p va lues  i n  any one of t h e  

f o u r  p a r t s  of f i g u r e  10 ,  i t  i s  seen  t h a t  t h e  smaller h/p ( t h a t  i s ,  t h e  

more nearly w e  approach a f l a t  p l a t e ) ,  t h e  h ighe r  t h e  v a l u e  of R .  

paring t h e  f o u r  p a r t s  of f i g u r e  10  wi th  each o t h e r ,  i t  is  evident  t h a t  

reduction of f /p(=2e/p)  a l s o  l e a d s  t o  an i n c r e a s e  i n  a. 

The r e s u l t s  are p l o t t e d  i n  the  economical form discussed above, 

fi ver sus  (b lp)  ( t /p>" ,  t h e  

n being chosen so  as  t o  make t h e  curves f o r  d i f f e r e n t  t / p  

Com- 

Further  reduct ions i n  t h e  number of parameters.  - Examining any 

one of t h e  f o u r  f a m i l i e s  of curves  i n  f i g u r e  10 ,  i t  can b e  seen t h a t  t h e  

curves f o r  d i f f e r e n t  va lues  of h l p  d i f f e r  from each o t h e r  mainly by a 

rigid-body h o r i z o n t a l  s h i f t .  This  sugges t s  t h a t  another  cendensat ion of t h e  

r e s u l t s  can be  e f f e c t e d  by p rope r ly  inco rpora t ing  h /p  i n t o  t h e  absc i s sa .  This 

is  done i n  f i g u r e  11, where fi is p l o t t e d  as a func t ion  of (b /p ) ( t / p )n / (h /p )m 

f o r  the :our d i f f e r e n t  values  of f / p .  

s u l t s  f o r  t he  va r ious  combinations of t f p  and h /p  a l l  l i e  w i t h i n  t h e  bands 

shown. The exponent m ,  l i k e  n ,  is  a f u n c t i o n  of f / p ,  but  a much less 

s e n s i t i v e  one than n. 

t o  each band are shown a longs ide  t h e  bands. 

With t h i s  a b s c i s s a  t h e  re- 

The numerical  v a l u e s  of bo th  exponents a p p r o p r i a t e  

A f i n a l  condensation of t h e  f o u r  bands of f i g u r e  11 i n t o  a s i n g l e ,  

somewhat wider ,  band is  accomplished by inco rpora t ing  f / p  i n t o  t h e  a b s c i s s a ,  
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as shown i n  f i g u r e  12. 

u n c e r t a i n t y  represented  by the  f i n i t e  width of t h e  band, n i s  g iven  as 

a func t ion  of t he  s i n g l e  parameter (b/p) ( t / p ) n  (h/p)-m ( f / p )  

where n and m are, i n  t u r n ,  func t ions  of f /p .  

w i th  f / p  i s  shown by the  smal l  i n s e t  graph i n  f i g u r e  12. 

n and m are shown do t t ed  between f / p  of 0.3 and 0.5 because of t h e  un- 

c e r t a i n t y  of t h e  f a i r i n g  i n  t h i s  r eg ion  due t o  the  absence of computed 

d a t a  f o r  f / p  = 0.4. 

I n  t h i s  f i g u r e ,  i f  one i s  w i l l i n g  t o  neg lec t  t h e  

-2.79 
s 

The v a r i a t i o n  of n and m 

The curves of 

F igure  11 r e p r e s e n t s  t h e  most economical p r e s e n t a t i o n  of t h e  re- 

s u l t s .  It is  a l s o  t h e  most convenient one f o r  p r a c t i c a l  u se ,  f o r  i t  

e l i m i n a t e s  t h e  need of i n t e r p o l a t i o n  w i t h  respect t o  t / p ,  h /p  o r  f / p ,  

provided t h a t  t h e  e r r o r  due t o  t h e  f i n i t e  width of t he  band i s  considered 

accep tab le .  

Comparison of d i f f e r e n t  end attachment condi t ions .  - Figure  1 3  

i l l u s t r a t e s  t h e  s e n s i t i v i t y  of fi t o  the end attachment cond i t ions .  

It shows, f o r  a p a r t i c u l a r  c r o s s  s e c t i o n ,  t h e  v a r i a t i o n  of 

t o  b /p  f o r  t h r e e  k inds  of end attachments. 

p re sen t  case. 

wide attachments t o  a r i g i d  f l a n g e  and point attachments w i t h  no inter-  

f e r i n g  end member, r e spec t ive ly .  

t o -p i t ch  r a t i o s  a l a r g e  percentage change i n  

from one type of attachment t o  another .  

a l l  t h e  R va lues  are c l o s e  t o  u n i t y ,  and t h e r e  is  t h e r e f o r e  r e l a t i v e l y  

l i t t l e  change i n  Q 

n wfth  r e s p e c t  

The middle curve i s  f o r  t h e  

The top  and bottom curves,  taken from re fe rence  1, a r e  f o r  

It is seen t h a t  f o r  t h e  smaller length- 

f2 i s  produced i n  going 

For t h e  very  long co r ruga t ions  

as a r e s u l t  of a l t e r i n g  t h e  end attachment cond i t ions .  
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ILLUSTRATIVE APPLICATION 

In o rde r  t o  i l l u s t r a t e  t h e  use of t h e  g raph ica l  r e s u l t s  

presented h e r e i n ,  a p a r t i c u l a r  numerical  example w i l l  now be  con- 

s idered ,  involving the  corrugated shea r  web i n  a hinged p i c t u r e  frame 

shown i n  f i g u r e  14. 

i t s  l e f t  s i d e  and loaded wi th  a v e r t i c a l  shea r  of 100 k i p s  a t  t h e  

r i g h t  end. The web is  of s tee l  wi th  a shea r  modulus, G ,  of 

12,000,000 p s i .  

The assembly is  f a s t ened  t o  a r i g i d  w a l l  a long 

The problem i s  t o  determine t h e  v e r t i c a l  d e f l e c t i o n  of t h e  

r i g h t  end. The a x i a l  and f l e x u r a l  deformations of t he  edge members 

w i l l  b e  assumed t o  be n e g l i g i b l e ,  and because of t he  hinges a t  t h e  

corners t h e  e n t i r e  v e r t i c a l  load w i l l  be assumed t o  be  c a r r i e d  by t h e  

web alone. I t  i s  assumed f u r t h e r  t h a t ,  by means of guides  o r  through 

proper l a te ra l  l o c a t i o n  of t h e  100-kip load ,  t h e  a c t i o n  of t h e  

s t r u c t u r e  i s  one of pure shea r ing  without  t w i s t .  

The problem w i l l  be sepa ra t ed  i n t o  two p a r t s :  F i r s t ,  t h e  determin- 

a t ion  of t h e  dimensionless shea r  s t i f f n e s s  R .  Second, t h e  conversion 

of R i n t o  a dimensional shea r  s t i f f n e s s ,  from which t h e  d e s i r e d  

de f l ec t ion  can be obtained. 
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Determination of Q .  - Figure 1 2  w i l l  f i r s t  be used f o r  t h e  quickes t  

de te rmina t ion  of Q .  To t h a t  end t h e  following r a t i o s  are needed: 

b 30 - = - = l o  
P 3  

- -  t 1/16 -- 
P 3  

= .02080 

- E ; - =  ,3333 
P 3  

From t h e  i n s e t  graph of f i g u r e  1 2  t h e  following exponent v a l u e s  are 

obta ined  f o r  f / p  = .3333: 

n = 1.68 

m = 1.48 

The a b s c i s s a  required f o r  t h e  use  of f i g u r e  1 2  can now be evaluated:  

n 
b (L) 1.68 - 10 ( .02080) P p  
hm 2.79 1.48 2.79 (5) (. 2887) (.3333) 

= 2.01 - 

Corresponding t o  t h i s  value of t h e  absc issa ,  t h e  scatter band of fig. 12 g i v e s  

$2 as lying between .64 and .70. 

one o b t a i n s  s2 = .67. 

Select ing t h e  middle of t h e  scatter band, 

As a check, t h e  v a l u e  of s2 will now b e  recomputed by i n t e r p o l a t i o n  

among t h e  more a c c u r a t e  graphs of f igure  10. 

as follows: 

The requi red  a b s c i s s a s  are 
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1 .91  1 .91  
2 (L) = 10(.02080) = .00613 
P P  

b t  - (-1 
P P  

1.81 1.81 

= 10 (.02080) = .00903 

1 . 7 1  1 . 7 1  
b (L) = 10(.02080) = .0133 
P P  

1.60 1.60 
= 10(.02080) = .0204 b t  - (-1 

P P  

Entering these  a b c i s s a s  i n t o  p a r t s  ( a )  through (d) r e s p e c t i v e l y  of 

f igure  10 ,  and i n t e r p o l a t i n g  wi th  r e spec t  t o  h/p,  one ob ta ins  t h e  

following va lues  of a: 

P lo t t i ng  t h i s  r e l a t i o n s h i p  and p u t t i n g  a smooth curve through t h e  

poin ts ,  one ob ta ins ,  f o r  f / p  = .3333, R = .65. 

The graphs of f i g u r e  10  do no t  con ta in  any scatter bands and 

a r e  t h e r e f o r e  inhe ren t ly  more accu ra t e  than  f i g u r e  1 2 ,  which sugges ts  

t ha t  t h e  second va lue  of a, namely .65, is more a c c u r a t e  than t h e  

f i r s t .  However, one cannot be c e r t a i n  of t h i s ,  because f i g u r e  10 

requi res  i n t e r p o l a t i o n s ,  which can reduce accuracy. 

Computation of v e r t i c a l  d e f l e c t i o n  of r i g h t  end. - With = .65 

se lec ted  a s  t h e  probably more accu ra t e  va lue ,  equat ion  (12) g ives  t h e  

following e f f e c t i v e  shear  modulus : 

= 5,850,000 p s i  
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The average shear  stress on v e r t i c a l  cross s e c t i o n s  is 

Thus, t h e  o v e r a l l  shear  s t r a i n  a n g l e  y i s  

‘I 26*667 7 .00456 
Geff  Y = - =  5,850,000 

I n  a 27-inch l e n g t h ,  t h i s  l e a d s  t o  a t i p  d e f l e c t i o n  of 27 x (.00456), 

o r  0.123 inch. 

It should be noted t h a t  i n  t h i s  c a l c u l a t i o n  t h e  s t i f f e n i n g  e f f e c t  

of t h e  at tachments  a long t h e  two v e r t i c a l  s i d e s  of t h e  web i s  being neglec ted ,  

because t h e  $2 curves are based on the assumption that t h e  p l a t e  is in- 

f i n i t e l y  wide i n  t h e  d i r e c t i o n  perpendicular t o  t h e  d i r e c t i o n  of t h e  

cor ruga t ions .  

CONCLUDING REMARKS 

Theory and curves have been presented f o r  computing t h e  shear  

s t i f f n e s s  of a t r a p e z o f d a l l y  corrugated p l a t e  a t t a c h e d  t o  r e l a t i v e l y  

r i g i d  f langes  by means of s m a l l  attachments a t  t h e  ends of t h e  trough 

l i n e s ,  i n  such a way that t h e  f l a n g e s  i n t e r f e r e  w i t h  t h e  deformations 

of t h e  end cross s e c t i o n s  of the p l a t e .  

The a n a l y s i s  is an approximate one, based on t h e  method of 

minimum t o t a l  p o t e n t i a l  energy, l i n e a r  e l a s t i c i t y ,  and t h e  assumption 

of small deformations.  

type of c r o s s  s e c t i o n ,  t h e  computed curves are r e s t r i c t e d  t o  t h e  case 

of equal-width c r e s t s  and troughs.  

Although t h e  ana lys i s  permits  a r a t h e r  g e n e r a l  

Experimental d a t a  are lacking  against .which t o  compare t h e  theor- 
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e t i c a l  r e s u l t s .  Because of t h e  s implifying assumptions made i n  t h e  

ana lys i s  -- assumptions regarding t h e  n a t u r e  of t h e  deformations,  

and i d e a l i z a t i o n s  regarding the  at tachments  -- i t  i s  f e l t  t h a t  ex- 

perimental v e r i f i c a t i o n  of t he  t h e o r e t i c a l  r e s u l t s  would be d e s i r a b l e .  
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I' 

APPENDIX I 

SOLUTION OF PROBLEM I 

I n  t h i s  appendix t h e  s o l u t i o n  of t h e  problem represented  i n  

f i g u r e  6(a)  w i l l  be  descr ibed.  

and t h e r e f o r e  most of t h e  mathematical d e t a i l s  w i l l  h e r e  b e  omit ted,  

except  where c e r t a i n  equat ions can be given i n  a d i f f e r e n t  form more 

conducive t o  computational accuracy. 

This  problem was solved i n  r e f e r e n c e  1, 

A s  mentioned earlier,  t h e  p l a t e  is assumed t o  be composed of 

i n f i n t e l y  many i d e n t i c a l  cor rega t ions ,  a l l  deforming i n  an i d e n t i c a l  

way, and t h e  a n a l y s i s  may t h e r e f o r e  be based on a s i n g l e  cor ruga t ion ,  

such as t h e  cor ruga t ion  between trough l i n e s  and pq of f i g u r e  6(a). 

The shear ing  of  t h i s  cor ruga t ion  is imagined t o  b e  e f f e c t e d  by a forward 

l o n g i t u d i n a l  s h i f t  of mn through a d is tance  u and a rearward longi-  

t u d i n a l  s h i f t  of P4 through t h e  same d i s t a n c e ,  producing a t o t a l  

r e l a t i v e  s h i f t  of 2u0 f o r  t h e  Corrugation. I n  these  s h i f t s  t h e  end 

p o i n t s  

However, t h e  rest of t h e  p o i n t s  of a trough l i n e  are permit ted t o  -eve 

both  l o n g i t u d i n a l l y  and l a t e r a l l y ,  so t h a t  t h e  trough l i n e s ,  as w e l l  

as a l l  o t h e r  l o n g i t u d i n a l  genera tors ,  may become curved. 

of symmetry and c o n t i n u i t y  d i c t a t e  that  t h e r e  can be no v e r t i c a l  d i s -  

placements of p o i n t s  on t h e  trough l ines .  

l e a d  t o  t h e  conclusions t h a t  a l l  t h e  points  on a given trough l i n e  

have t h e  same l o n g i t u d i n a l  displacement 

experience no l o n g i t u d i n a l  s t r q i n )  

i d e n t i c a l  shapes.  

mn 

0 

m,n,p,and q of t h e  trough l ines  are moved only l o n g i t u d i n a l l y .  

Considerat ions 

These cons idera t ions  also 

( i . e . ,  t h e  trough l i n e s  

and both trough l i n e s  curve i n t o  
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The a n a l y s i s  i s  based on c e r t a i n  assumed degrees of  freedom f o r  

t h e  deformations of t h e  c ros s  s e c t i o n s .  These degrees of freedom w i l l  

b e  described wi th  t h e  a i d  of f i g u r e  15 .  P a r t  ( a )  of t h a t  f i g u r e  shows 

t h e  middle s u r f a c e  of t h e  c ros s  s e c t i o n  and t h e  s t a t i o n  numbers ass igned  

f o r  convenience t o  t h e  edges and t h e  va r ious  co rne r s  of t h e  c ros s  s e c t i o n .  

P a r t  (b) shows t h e  assumptions regard ing  t h e  l o n g i t u d i n a l  displacements 

appropr ia te  t o  t h e  antisymmetrical  n a t u r e  of t h e  deformation. A t  

s t a t i o n s  0 and 5 these  displacements are  +u and -u r e s p e c t i v e l y ,  

as already d iscussed ,  wi th  u independent of z .  A t  s t a t i o n s  1 and 

4 the l o n g i t u d i n a l  displacements are +ul and -u l ,  r e s p e c t i v e l y ,  wi th  

u1 depending on z ;  a t  s t a t i o n s  2 and 3 they are s i m i l a r l y  +u,(z) 

and -u,(z). In  between s t a t i o n s ,  t h e  l o n g i t u d i n a l  displacements a r e  

assumed t o  vary l i n e a r l y .  Therefore t h e  l o n g i t u d i n a l  displacements of 

a1.l middle su r face  p o i n t s  of  t he  cor ruga t ion  are def ined  by one pre- 

scribed-displacement parameter u and two unknown func t ions  of z :  

u , ( z )  and u,(z) .  I f  t h e  r e s u l t a n t  l o n g i t u d i n a l  shea r ing  f o r c e  F, 

is regarded as p resc r ibed  i n s t e a d  of  u t h e  l a t t e r  becomes an unknown 

constant .  

0 0’ 

0 

0 

0’ 

The deformations of a c ros s  s e c t i o n  i n  i t s  own p lane  are assumed 

t o  be inex tens iona l  and t o  b e  a supe rpos i t i on  of  t h e  t h r e e  an t i symmetr ica l  

component modes shown i n  f i g u r e  15 (c ) .  The t h i r d  of t h e s e  modes is  a 

rigid-body h o r i z o n t a l  t r a n s l a t i o n  of an amount vo(z) .  The o t h e r  two 

modes a r e  i d e n t i c a l  wi th  t h e  deformations of a uniform r i g i d - j o i n t e d  

frame of t he  same shape a s  t h e  c ros s  s e c t i o n ,  w i th  s t a t i o n s  0 and 5 

hinged and c e r t a i n  displacements imposed on t h e  j o i n t s  corresponding 

t o  s t a t i o n s  1, 2 ,  3 and 4 .  For t h e  f i r s t  mode shown i n  f i g u r e  15 (c )  
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an upward vertical displacement of an amount 

joint 1, and the same displacement is imposed downward at joint 4 ,  

while joint 2 is constrained to slide parallel to line 1-2 and joint 3 

is similarly constrained to slide parallel to line 3 - 4 .  These sliding 

displacements must be v,sine, 

satisfy the inextensibilily assumption. 

figure 15(c) joint 2 is displaced an amount v,(z) perpendicular to 

line 1-2, and joint 3 a like amount perpendicular to line 3 - 4 ,  while 

joints 1 and 4 are held in their places. In both of the frame- 

deformation modes of figure 15(c) the joints are permitted to rotate 

freely as rigid joints. Thus the,deformations of all cross sections 

in their own planes are defined by three unknown functions of 

v,(z> is imposed at 

as shown in the figure, in order to 

For the second mode shown in 

z t  

v o w  , v1 (2) , v,(d 
On the basis of these assumptions one can now write expressions 

for the displacement components 

surface of any plate element in terns of u 

v,(z), and v (z). The location of a middle-surface point can be 

specified by its longitudinal coordinate, z, and its transverse 

coordinate, 

in which the point lies (see fig. 15(a)). 

u, v, w of any point on the middle 

ul(z), u,(z), v0(z), 
0' 

2 

s, the latter measured from an edge of the plate element 

The displacement components u and v are respectively longitudinal 

(2-wise) and transverse (s-wise). The w displacement component is 

measured perpendicular to the plate element in which the point lies. 

The middle surface strains, curvatures, and twist can then be evaluated 

via the following expressions 
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au Longi tudinal  s t r a i n :  = -  
az 

Shear s t r a i n  : 

a 2w 

a 2~ 
as;! 

Longitudinal  curvature:  

Transverse curvature:  

T w i s t  : a 2~ 
asaz 
- 

(By v i r t u e  of t h e  i n e x t e n s i b i l i t y  assumption, t h e  t r ansve r se  s t r a i n  

av/as of  t h e  middle s u r f a c e  i s  zero) .  With u ,  v ,  and w expressed i n  

terms of t h e  b a s i c  degrees of freedom u 

curvatures ,  and t w i s t  a l s o  become func t ions  of t h e s e  degrees of freedom. 

u1 ( z )  ,. . ., v 2 ( z )  , t h e  above s t r a i n s ,  
0, 

The s t r a i n  energy of deformation of each p l a t e  element can then 

be  wr i t t en .  For t h i s  purpose the  m a t e r i a l  i s  assumed t o  be i s o t r o p i c  

and the  s t r a i n  energy per  u n i t  of middle-surface a r e a  i s  taken as 

1 au 2 1 au av + ? E t  (z) + - G t  2 (- as + -1 az 

where E is  Young's modulus, G i s  t h e  shea r  modulus, L i s  Po i s son ' s  

r a t i o ,  and D = Et3/[12(1-vZ>]. It w i l l  be  noted that  t h e r e  i s  a 

s l i g h t  i ncons i s t ency  between t h e  assumption t h a t  t h e  t r a n s v e r s e  

s t r a i n s  a r e  zero  and t h e  use of E ( r a t h e r  t han  E / ( 1 -  v 2 ) )  

i n  t h e  term which r e p r e s e n t s  t h e  s t r a i n  energy d e n s i t y  of middle-surface 

long i tud ina l  deformation, i .e. t h e  term containing ( au /az )* .  T h i s  in- 

consistency is d e l i b e r a t e ;  i t  i s  f e l t  t h a t  i n  a c t u a l i t y  t h e  assumption of 
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zero t r a n s v e r s e  stress i s  more near ly  c o r r e c t  than  t h e  one of zero 

t r a n s v e r s e  s t r a i n ,  and t h e r e f o r e  Et(au/2z)2 is  a b e t t e r  represen- 

t a t i o n  of t h e  s t r a i n  energy dens i ty  of l o n g i t u d f n a l  ex tens ion  than 

is [ ~ t f ( l - d ) ]  (au /az)2 .  

I n  re ference  1 two s i m p l i f i c a t i o n s  were made t o  equat ion (1-1) , 
and t h e s e  s i m p l i f i c a t i o n s  were re ta ined  i n  t h e  present  a n a l y s i s  of  

Problem I. 

ground t h a t  t h e  l o n g i t u d i n a l  curvatures  a2wf az2 are probably much 

smaller than  t h e  t r a n s v e r s e  curvatures  a2w/as2 .*  The second is t h e  

replacement of t h e  l o c a l  t w i s t  'd2w/asaz by t h e  average t w i s t  over  

t h e  width of t h e  p l a t e  element. 

0-1, t h e  t w i s t  w a s  assumed constant  a c r o s s  t h e  width a t  t h e  va lue  

d(v1fe) fdz .  The t w i s t  makes only a s m a l l  c o n t r i b u t i o n  t o  t h e  t o t a l  

s t r a i n  energy, and its approxinate  treatment f a  this fzshion should 

in t roduce  very  l i t t l e  e r r o r .  

The f i r s t  i s  t h e  dropping of t h e  underl ined terms on t h e  

For example, f o r  t h e  p l a t e  element - 

With t h e s e  s i m p l i f i c a t i o n s  mads, and w, u and v expressed i n  

terms of uol u1 ( z )  , . . . , v ~ ( z ) ,  t h e  s t ra in-energy d e n s i t y  

a f u n c t i o n  of t h e s e  5 h  parameters.  

W becomes 

The s t ra in  energy of  one of t h e  

p l a t e  elements can be wr i t ten  as a double i n t e g r a l  of W over t h e  

area of t h e  p l a t e  element,  and t h e  i n t e g r a t i o n  wi th  r e s p e c t  t o  t h e  

s-coordinate  can be c a r r i e d  out  e x p l i c i t y .  The t o t a l  s t r a i n  energy 

U is obtained by summing t h e  s t r a i n  energ ies  of t h e  f i v e  i n d i v i d u a l  

*We p o i n t  o u t  i n  advance that  t h i s  s i m p l i f i c a t i o n  w i l l  
no t  be permiss ib le  i n  appendix 11. 
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p l a t e  elements. 

t he  p o t e n t i a l  energy -F1-2u 

energy U. 

The t o t a l  p o t e n t i a l  energy (TPE) is obtained by adding 

of  t h e  appl ied shea r  l o a d s  t o  t h e  s t r a i n  
0 

The r e s u l t i n g  expression f o r  t h e  TPE i s  equat ion (Al) of 

reference 1, i n  which t h e  symbol F would b e  F1 i n  t h e  p re sen t  notat ion.* 

The expression f o r  t h e  TPE t h u s  Obtained i s  a f u n c t i o n a l  of 

u 

equations,  boundary cond i t ions ,  and one i n t e g r a l  equat ion are  obtained 

def ining those  uo, u1 ( z )  ,. . . , v2(z )  which minimize t h e  t o t a l  p o t e n t i a l  

energy and which t h e r e f o r e  r ep resen t  t h e  “best” approximate s o l u t i o n  t o  

the  problem wi th in  the  framework a f  t h e  permit ted degrees of freedom 

of deformation. I n  taking t h e  f i r s t  v a r i a t i o n  of t h e  TPE u s e  must be  

u1 ( z )  , .. * ,  v2 ( z )  . By means of t h e  v a r i a t i o n a l  c a l c u l u s ,  d i f f e r e n t i a l  
0’ 

made of t h e  h p r i o r i  boundary cond i t ions  of c o n s t r a i n t ,  namely vo(?b) = 0. 

The d i f f e r e n t i a l  equat ions and boundary cond i t ions  t o  be  solved 

a r e  l inear,  and t h e  d e t a i l s  of t h e i r  s o l u t i o n  may be  found i n  appendix B 

of r e fe rence  1 and w i l l  no t  be repeated he re .  However, w e  t a k e  t h e  

opportunity h e r e  t o  n o t e  t h a t  b e t t e r  computational accuracy can be  

achieved by using d i f f e r e n t  expressions than  i n  r e fe rence  1 f o r  t h e  co- 

e f f i c i e n t s  of t h e  c h a r a c t e r i s t i c  equat ion.  Th i s  c h a r a c t e r i s t i c  equa t ion  

(B12 of ref. 1) is  

(k -t k2r2  + k4r4 + kgr6 -t k 8 r 8 ) r 2  = 0 (1-2) 
0 

and i t  i s  t o  be solved f o r  t h e  r o o t s  r l ,  r g , . . . r l ~ .  The c o e f f i c i e n t s  

a r e  def ined by equat ions (B 1 3 )  of r e f e r e n c e  1, bu t  t h e  following equiv- 

a l en t  d e f i n i t i o n s  r e q u i r e  fewer arithmetic ope ra t ions  and were t h e r e f o r e  

used instead** : 

*The procedure used i n  r e f e r e n c e  1 i n  o rde r  t o  o b t a i n  t h e  TPE is 
described t h e r e i n  i n  a somewhat d i f f e r e n t  way, but  i t  is a c t u a l l y  equiv- 
a l en t  t o  t h e  procedure given above. 

**The ko, . . , k8 d e f i n i t i o n s  g iven  h e r e  a l s o  d i f f e r  by a cons t an t  f a c t o r  
from t h e  ones given in r e f e r e n c e  1; s i n c e  t h e  r i g h t  s i d e  of equa t ion  (1-2) 
is  zero ,  t h i s  d i f f e r e n c e  w i l l  no t  a f f e c t  t h e  roots. 
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+ D l J M  + D3KH + D2(MH + JK) - ED$ - GD4K 

- F(D5K + D4M) - AJP1 - CHNl - B(JN1 + "1) 

- D6D3Q1 - DeDIQl - D7D2Q1 

(equat ions continued 
on next page) 
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1 

1 1 

1 1 

D3 = p a 1 2  (Cl2d20 - 

D4 - i; (elodll - i; (d21d1o - d20dll) e12 

D5 = t a11d10d22 - (d21dlO - d20dll) a12 

c22d10) 

elldl01 d22 + 

1 
+ T e22 (C22d10 - d20C12) 

1 
G = - 2 a22 (c22dlo - d20~12) 

1 1 
H = d22 (e20d11 - d10e12) - T e22 (d20dll - d2ldlO) 

J = i; a12d1od22 + a22 (d20dll - d2ldlO) 

K = - -  2 eoob11d22 + T e20 @,ob11 - 

M - - 2 d22 (z dlo2 - eooc11) + e20 (c12d10 - d20Cll) 

1 1 

1 1 
d10b12) 

1 1 1 

1 1 
N1= - - 2 e00b12d22 + 7 e20 (d20b12 - b22d10) 

1 1 1 
P1" d22 (e00c12 - d20d10) + e20 (c22d10 - d20C12) 

1 
Qi= (e00diid22 - e10d10d22 + d21d10e20 - d20diie20) 

The lower case symbols bll, e10, etc. in the above have the same 

definitions as in reference 1. 
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Once the d i f ferent ia l  equations have been solved for 

u1 (z), . . . , v2(z) i n  terms of u 

depicted i n  figure 6(a) can b e  evaluated by equating 

v l ( b ) .  

process re la tes  F1 and u 

shown i n  f igure 6(a) .  

the influence coef f ic ient  a1 

aluo t o  

0’ 

The one integral equation obtained from the variational 

and therefore y ie lds  the s t i f f n e s s  KI 
0 

3 1  



APPENDIX I1 

SOLUTION OF PROBLEM I1 

Assumed displacements.  - I n  t h i s  appendix t h e  problem dep ic t ed  

i n  f i g u r e  7(a)  is analyzed. 

assumed, t h i s  t i m e  modes which are c o n s i s t e n t  wi th  t h e  symmetry of 

the loading and s t r u c t u r e  and t h e  c o n t i n u i t y  of each cor ruga t ion  wi th  

i t s  neighbors.  

Again c e r t a i n  modes of deformation a r e  

The displacements of a c ros s  s e c t i o n  i n  i t s  own plane a r e  

assumed t o  be  a superpos i t ion  of t h e  two modes shown i n  f i g u r e  16(c) .  

The f i r s t  is a rigid-body upward t r a n s l a t i o n  of a n  amount v (2 ) .  The 

second i s  t h e  known e l a s t i c  curve assumed by a uniform i n e x t e n s i b l e  

r ig id- jo in ted  frame of t h e  same shape a s  t h e  c ros s  s e c t i o n  when t h e  

j o i n t s  0 and 5 are clamped and j o i n t s  1 and 4 a r e  d isp laced  upward an  

amount v l ( z ) ,  and a l l  t h e  j o i n t s  except  0 and 5 are permit ted t o  ro- 

t a t e  f r e e l y  a s  r i g i d  j o i n t s .  Thus the  displacements  of any cross 

sec t ion  i n  i t s  own plane are def ined  by two unknown funct ions  of 

z :  v ( z )  and v l ( z ) .  

0 

0 

Figure 16(b)  shows t h e  assumptions regard ing  t h e  long i tud ina l  

(z-wise) displacements  of t h e  middle-surface p o i n t s  of t h e  c r o s s  s e c t i o n  

A s  before ,  t h e s e  displacements are assumed t o  vary  l i n e a r l y  between 

s t a t i o n s .  A t  s t a t i o n s  0 and 5 they are  equal ,  by symmetry, and t h e i r  

common va lue  is denoted by u (2). As shown i n  f i g u r e  16 (b ) ,  t h e  d i s -  

placements a t  t h e  ad jacent  s t a t i o n s ,  1 and 4 ,  are a l s o  taken  as uo(z) .  

This  i s  done because symmetry d i c t a t e s  that there b e  no t r ans fe rence  

of shear f low ac ross  t h e  t rough l i n e s  from one co r ruga t ion  t o  t h e  nex t ;  

0 
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hence t h e  shear  s t r a i n  i n  t h e  p l a t e  elements 0-1 and 4-5 must b e  

P l a t e  element 

0-1 

1-2 

2-3 

zero.  

designated as !J times uo(z) ,  where p i s  a cons tan t  so chosen 

as t o  g i v e  zero  f o r  t h e  mean longi tudina l  displacement mer t h e  

e n t i r e  c r o s s  s e c t i o n ,  i n  accordance with t h e  requirement  of zero  

r e s u l t a n t  tens ion  o r  compression on the c r o s s  sect ion.* The re- 

quired v a l u e  of p is r e a d i l y  determined t o  be 

A t  s t a t i o n s  2 and 3 t h e  common l o n g i t u d i n a l  displacement i s  

Longi tudinal  s t r a i n ,  E 

duo 

-2 + i; (11-1) 

- 
dz 

du 

dz 

du !Jo 
dz 

(11-2) 
B 

I 

2e+k 
! J = - -  f+k 

For t h e  case of equal-width crests and t roughs,  p=-1 . Thus a 

s i n g l e  unknown funct ion ,  uo(z) ,  def ines  t h e  l o n g i t u d i n a l  d i sp lace-  

ments of all middle-surface points of the corrugat ion.  

Longi tudinal  s t r a i n s .  - From f i g u r e  16(b)  t h e  fol lowing ex- 

p r e s s i o n s  are r e a d i l y  obtained f o r  t h e  l o n g i t u d i n a l  s t r a i n s  E of 

t h e  middle surface of plate elements 0-1, i-2, and 2-3: 

(11-1) 

*See s e c t i o n  e n t i t l e d  "Statement of problem" under METHOD OF ANALYSIS. 
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Shear strains. - Figures  16(b) and (c) g i v e  t h e  fol lowing 

expressions f o r  t h e  middle-surface shea r  s t r a i n s  y: 

P l a t e  element Shear s t r a i n ,  y 

. 0-1 0 

1-2 
d (Y-l)uo 

k - (vosin8 + vysin8) + dz 

2-3 0 

(11-3) 

Normal displacements.  - The displacements normal t o  t h e  p l a t e  

elements w i l l  be  denoted by W ~ ( S , Z ) ,  w~(s,z), e t c .  

important t o  i d e n t i f y  t h e  p a r t i c u l a r  p l a t e  element under cons ide ra t ion ,  

t he  symbol w,  without a s u b s c r i p t ,  w i l l  be  used t o  denote normal 

displacement.)  

f i g u r e  16 (a ) .  Equations €o r  t h e s e  displacements  can be  obtained by 

making an e las t ic  a n a l y s i s  of t he  r i g i d - j o i n t e d  frame corresponding 

t o  the bottom diagram of f i g u r e  16 ,  and then  adding on the  normal d i s -  

placements due t o  t h e  rigid-body t r a n s l a t i o n  v (2) .  

expressions are: 

(When i t  i s  no t  

The p o s i t i v e  d i r e c t i o n s  of w1 ,  w 2 ,  e t c .  are shown i n  

The r e s u l t i n g  
0 

s 2  3 
w1 = v 0 + v1 [(;I B12 + (E) 8 1 3 1  

S s 2  3 
w2 = v cos0 + v1 [cos8 + B~~ + B~~ + (E) B ~ ~ ]  0 (11-4) 

where 

3 
w3 = v 0 + v1 r 1 + 831 * (F) B 3 2 ]  



wi th  

ek 

Expressions f o r  t he  cu rva tu res  and t w i s t  of t h e  middle s u r f a c e  

can be  r e a d i l y  obtained from equat ions  (11-4). 

plate element 0-1 they  a r e :  

For example, f o r  

I 

i 

(11-5) 

(11-6) 

(11-7) 

S t r a i n  enerpy. - Assuming an  i s o t r o p i c  l i n e a r l y  e l a s t i c  material, 

t h e  s t ra in  energy of any p l a t e  element per u n i t  of middle-surface area 

can be w r i t t e n  as i n  Appendix I ,  namely 
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t - 1 E t  E' + '2 1 G t  y2 
2 

where w ,  E and y a r e  t h e  normal displacement ,  l o n g i t u d i n a l  s t r a i n ,  

and shear s t r a i n  a p p r o p r i a t e  t o  t h e  p a r t i c u l a r  p l a t e  element under 

considerat ion,  from equat ions (11-2), (11-3) and (11-4). T r i a l  

analyres  have shown t h a t  s e r i o u s  e r r o r  r e s u l t s  i f  t h e  terms conta in ing  

a2w/az2 a r e  neglected h e r e  as they w e r e  i n  Appendix I. 

a l l  the terms shown i n  t h e  above equat ion w i l l  be  r e t a i n e d  i n  t h e  

fur ther  development of t h i s  appendix. 

Accordingly 

The t o t a l  s t r a i n  energy of any p l a t e  element can be w r i t t e n  

as an i n t e g r a l  of W over the  e n t i r e  l e n g t h  and width of t h e  p l a t e  

element; i .e. f W d s  dz 

-b o 

where a is t h e  width of t h e  p a r t i c u l a r  p l a t e  element under consider-  

a t ion  (a=e, k, or  f ) .  S u b s t i t u t i n g  t h e  a p p r o p r i a t e  expressions f o r  

w, E, and y ,  t h e  i n t e g r a t i o n  wi th  r e s p e c t  t o  s can b e  c a r r i e d  o u t  

e x p l i c i t l y , l e a v i n g  only  an  i n t e g r a l  w i t h  r e s p e c t  t o  z. 

f o r  each of t h e  f i v e  p l a t e  elements,  and t h e  r e s u l t i n g  f i v e  s t r a i n  

energies  are summed, t h e  fol lowing express ion  i s  obtained for t h e  

I f  t h i s  is done 

t o t a l  s t r a i n  energy U of 

b 

("sh 
-b 

the  e n t i r e  cor ruga t ion:  

+ Ve + V f )  dz 

36 
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( 11-10) 



t 
i 

Ve, V are respectively the strain energies of middle-surface sh' f where V 

shear, middle-surface extension, and plate flexure and twisting, per 

unit length of corrugation, and are given by the following expressions: 

2 
duo e 1 k 1  f Ve = Etp (-) [; + 7 (1+p+p2) - + p2 -3 
dz P P 

2v d2v 0 2v d2v; 
a6 + p v1 dz2 a71 + -  

p V I  dz2 

(11-11) 

(11-12) 

(11-13) 

(11-14) L 
(equations continued 
on next page) 
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e l  1 k 1 1 1 
a4 - (- 812 + 7 813) + - P (cos8 + B~~ + 822 + ~ ~ ~ ) ~ ~ ~ e  P 3  

In the above equation for Vf, the a1 term represents those contributions 

arising from the term (a2w/as2)L in equation (11-8); the a2 term 

those due to (a2w/asaz)2; the a 3 ,  a4 and a5 terms those coming from 

(a2w/az2) ; and the "6 and a7 terms those due to (a2w/3s2) (a2w/az2). 
2 

Total potential energy. - The total potential energy (TPE) of a 
single corrugation is obtained by adding to the strain energy U (eq. (11-lo))/ 
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t h e  p o t e n t i a l  energy -4P[vl(b) 

cor ruga t ion  (See f i g s .  7 (a)  and 16) .  

t h e  trough l i n e s  r e q u i r e  t h a t  t h e  v e r t i c a l  d e f l e c t i o n  a t  s t a t i o n s  0 and 

5 of t h e  end c r o s s  s e c t i o n s  be zero. Referring t o  f i g u r e  16(c) ,  t h i s  

impl ies  t h e  geometric boundary condi t ion 

+ vo(b)] of t h e  appl ied  loads  on one 

The attachments a t  t h e  ends of 

vo(fb)  = 0 (11-15) 

Thus t h e  p o t e n t i a l  energy of t h e  appl ied loads  can b e  w r i t t e n  simply 

a s  -4PVl(b) , and t h e  TPE i s  t h e r e f o r e  

TPE = U - 4 w l  lb) (11-16) 

Minimization of t h e  TPE. - The TPE (eq. (11-16) ) is  a f u n c t i o n a l  

of u o ( z ) ,  v o ( z ) ,  and v l ( z ) .  

which mimimize t h e  TPE. To t h a t  end we f i r s t  form t h e  f i r s t  v a r i a t i o n  

of t h e  TPE, G(TPE), due t o  t h e  v a r i a t i o n s  6uo(z) ,  6v0(z),  6v l (z )  i n  u0(z) ,  

v (z) and v l ( z ) ,  by t h e  s tandard technique of t h e  v a r i a t i o n a l  c a l c u l u s .  

I n  t h e  r e s u l t i n g  expression any integrands conta in ing  d e r f v a t i v e s  of 

6uo, 6v o r  6vl 

that involve 6uo, 6vo, 6vl 

forming such i n t e g r a t i o n s  by p a r t s ,  taking i n t o  account t h e  boundary 

condi t ion  equat ion (11-15), t h e  even-ness of  vo and v1 wi th  r e s p e c t  t o  z ,  

We now seek t h e  forms of t h e s e  f u n c t i o n s  

d 

0 

can b e  reduced through i n t e g r a t i o n  by p a r t e  t o  in tegrands  

a lone ,  r a t h e r  t h a n  t h e i r  der ivat ives . .  
0' 

Per- 

and t h e  oddness of uo 

b 

wi th  r e s p e c t  to  z ,  one o b t a i n s  
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1 - 6uo(b) 
P 

+ 4K * 3u 
0 

where 

d4v1 V 2K289 d2v1 2a 1 + (4a7 - - - 
P P + b 5 P  7 3  

(11-17) 

(11-18) 

01-19) 

(11-21) 
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with 

K1 E Etp2/D 

K2 z Gtp2/D 

l k  
8 3  - 3 5  

I f  + -- l k  
g4 q; 2 P  

P 
k g7 E 2 -  

(11-22) 

(11-23) 

(11-24) 

(11-25) 

(11-26) 

(11-2 7) 

g8 E 2 sine 

k t 2  - sin2e + cr2(-) gg 5 

gl0z  2- k sin2e 
P 

P 

4 1  



I n  order  f o r  t h e  TPE t o  be a minimum, G(TPE) must b e  zero f o r  

a l l  v a r i a t i o n s  6vo(z),  Gvl(z),  6uo(z>. Therefore  v v1 and u must 
0’ 0 

s a t i s f y  t h e  following d i f f e r e n t i a l  equat ions.  

L v = 0 ,  L = o ,  L = o  
U 

0 V 1  0 

and t h e  following boundary condi t ions :  

I n  addi t ion  t o  these ,  t h e  boundary condi t ion  (11-15) a r i s i n g  from 

t h e  attachments a t  t h e  ends of t h e  trough l i n e s  must be s a t i s f i e d .  

Solut ion of d i f f e r e n t i a l  equat ions.  - The d i f f e r e n t i a l  

equations (11-28) and boundary condi t ions  (11-29) and (11-15) are 

l i n e a r ,  and t h e i r  s o l u t i o n  can t h e r e f o r e  be obtained by s tandard 

means. Because of t h e  required even-ness of vo(z)  and v l ( z )  and 

oddness of u ( z ) ,  s o l u t i o n s  may be sought i n  t h e  form 
0 

v = A cosh (mz/p) 

v1 = B cosh (mz/p) 

u = c s i n h  (mz/p) 

0 

0 

S u b s t i t u t i o n  i n t o  t h e  d i f f e r e n t i a l  equat ions (11-28) l e a d s  t o  t h e  

following c k r a c t e r i s t i c  equat ion def in ing  t h e  admiss ib le  v a l u e s  of m: 

(11-28) 

(11-29) 

(11-30) 

m2(ho + h2 m2 + h4 m4 + h6 m 6 )  = 0 (11-31) 

where 
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with 

The r o o t s  of the  c h a r a c t e r i s t i c  equation w i l l  be  denoted by 

m - 20, h 2 ,  fmg, t m 4  
c 

The presence of t h e  repeated zero r o o t  I n d i c a t e s  t h e  ex is tence  of a 

s o l u t i o n  not  of t h e  form of equat ions (11-30). 

s o l u t i o n  i s  found t o  be 

By fnspec t ion ,  t h i s  

where B1 i e  an  a r b i t r a r y  contant  

def h i t i o n s :  

and y1 and A 1  have t h e  fol lowing 

A I  c - a1g10 - - al(l-u)e;e 
D - P J  cr6vg8 a6vu2 

Adding t o  t h e  s p e c i a l  s o l u t i o n  those s o l u t i o n s  which are of  t h e  form 

(11-301, one o b t a i n s  t h e  following complete s o l u t i o n  of t h e  d i f f e r e n t i a l  

equat ions  (11-28) : 
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(11-33) 

(11-34) 

(11-35) 

(11-36) 



z z z 2 
= A. + y181(&) + y2B2 cosh(m2 -1 + ~ 3 B 3  cosh(m3 -1 + y4B4 cosh(m4 -) 

VO P P P P 

V I  0 + B1 + B2 cosh(m2 -1 z + B3 cosh(m3 '1 + B4 cosh(m4 -) z (11-37) 
P P P 

z z z z u = 0 + hlBl(-) + X2B2 sinh(m2 -) + h3B3  sinh(m3 -) + X4B4 sfnh(m& -) 
0 P P P P 

where y1  and x have a l r e a d y  been def ined ,  and t h e  remaining y ' s  

and A ' S  are def ined by 

1 

- -  
y i  - 

where 

a22  a12 a 1 3 ~  a2.3 

a l l  a12 1 a21 a221 
h i  = - 

( i  = 2,3,4) 
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(11-39) 

(11-40) 



The five arbitrary constants Ao, Bl,.. ., B, are determined 

in terms of P through the five boundary conditions (11-29) and 

(11-15), in a straightforward manner. 

With these constants known, the deformations are completely 

in terms of P, and one can readily obtain the constant determined 

Cg of figure 7(a) from the equation 

vl(b) will be proportional to P, and the common factor 

cancel out of equation (11-41). 

P will 

(11-41) 
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APPENDIX I11 

SOLUTION OF PROBLEM I11 

Problem I11 (that is, the problem represented by figure 7(b)) 

possesses the same antisymmetry characteristics as problem I (fig. 6(a)). 

Its solution can therefore be effected by making only minor changes in 

the procedure used for solving problem I. 

are assumed as for problem I (see fig. 15), except that u is set 

identically equal to zero, because of the enforced condition of zero 

overall shear strain in problem 111. Consequently, the strain energy 

functional U for problem I11 is that of problem I with u set equal 

to zero. The potential energy of the applied loads for problem I11 

is + 4P vl(b) (see figs. 7(b) and 15), instead of -F1 2u as in 

problem I. 

solution of problem I11 is therefore 

The same deformation modes - 
0 

0 

0 

The total potential energy functional to be employed in the 

TPE 1 U + 4P vl(b) (111-1) 

In deriving the expression for U the same strain-energy-density 

expression was used as in problem I (see eq. (I-l)), with the under- 

lined terms again omitted, and the local twist 

point in a plate element replaced by an average twist across the width 

of the element. 

a2w/asaz at any 

The minimization of the TPE through the calculus of variations 

leads to the following differential equations: 
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I- 
C 

2 
- - -  d U 2  l d  dvO 

- - -  d U 2  l d  dvO dv 1 

dv 1 
CllUl - C12U2 = 0 + b12 d22 2 10 dz - i dll dz - 

+ b22 dz2 2 20 dz - i d21 dz - i d22 dz - 
2 

dv2 C12U1 - CllU2 = 0 

2 (111-2) 
du 

2 10 dz 2 20 dz 

d2v0 2 2 
d V 1 + e  - d V 2 + I d  d u l + l d  - = O  

2o dz2 + e10 e -  
O0 dz2 

d2v0 
e -  '' dz2 

2 
0 d v  

e -  
2o dz2 

du2 
allvl - a12v2 = 0 

dul + 1 d 
1 1 d z  2 2 1 d z -  

2 
d2vl du2 

+ e12 - d22 + e22 - dz2 d V 2 + I d  2 22 dz - a12V1 - a22V2 = O 

and the following boundary conditicns at z = f b: 

> 0 dz 
du2 - =  dul - =  

dz 

dvO dvl dv2 + dllul + dZ1u2 = -4P 2e10 dz + 2ell dz + 2e12 dz 

dvO dvl dv2 + d22u2 = 0 2e20 dz + 2e12 dz + 2e22 dz 
(111-3) 

where the coefficients bll, etc. are defined in reference 1. To the above 

boundary conditions must be added the boundary condition of geometric con- 

straint, namely 

vo(+b) = 0 (111-4) 

The differential equations (111-2) are identical with those of 

reference 1 (eqs. (17) or (A12) therein) with 

The characteristic equation is the same as in reference 1, that is the same 

as equation (1-2) of the present paper. 

uo set equal to zero. 
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The solution of the differential equations (111-21, subject to 

the boundary conditions (111-3) and (111-4), leads to equations for the 

deformations u l ( z ) ,  u ~ ( z ) ,  ..., v2(z) as linear functions of P. The 

flexibility coefficient C4 shows in figure 7(b) is obtained from the 

equation 

CbP = v i  (b) (111-5) 

after vl(b)  is expressed in terms of P. 

figure 7(b) is obtained as a linear function of P by integrating the 

shear flow in plate element 0-1 along a longitudinal section. 

coefficient of P in the resulting expression represents the desired 

formula for the influence coefficient a2 shown in figure 7(b), 

The shear force F2 in 

The 
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Figure'l. - Cross section considered. 

(a) Point attachments at the ends of the trough lines. 

(b) Point attachments at the ends of the trough lines and crest lines. 

(c) Wide attachments to a r i g i d  flange at the ends of the trough lines. 

Figure 2. - Types of end attachments considered in reference 1. 

A 

Figure 3. - Type of end attachments considered in the present paper. 
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I I Rigid flangp !7 

Rigid flange 2 
I I 

Figure 4. - (a) Front view and (b) top view of unsheared corrugated 
plate. (c) Top view of sheared corrugated plate. 
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F2 = apP 

alUo 

(a) Point attachme'nts; overall shear deformation of 2u0 per corrugation. 

2P 2P 2P 

(b) Point attachments; zero overall shear deformation; concentrated 
upward loads of magnitude 2P at those corners which deflect 
downward in figure (a). 

Figure 6 .  - Problems to be superimposed in order to represent the 
shearing of a corrugated plate.with point attachments 
to a rigid flange. 
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(b) Antisymmetrical corner loads of magnitude P. 

Figure 7. - The loading of figure 6(b) decomposed into a symmetrical 
and an antisymmetrical component. 
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-1 9@ 3" = 27" I_- 

,1 
l o O K  

1" 
16 
- - 3" ---I 

Section A-A 

Figure 14.  - Corrugated shear web i n  hinged picture  frame test 
f i x t u r e ,  used f o r  i l l u s t r a t i v e  example. 
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(a) Typical cross section. 

v,sine 

Figure 15. - Degrees of freedom of cross-sectlonal deformation assumed 
in the solution of problem I. 

Assumption regarding 
longitudinal displace- 
ments. 

Component modes for dis- 
placements in the plane 
of the cross section. 
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(a) Typical cross section. 

(b)  Assumption regarding 
longitudinal displace- 
ments. 

2e + k (p -- f + k) 

,,,-I 
(c) Component modes for 

displacements in the 

Figure 16. - .Degree6 of freedom of cross-sectional deformation assumed in the 
solution of problem 11. 
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